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Through a mixed local and nonlocal formulation, a continuous transition from a local to a nonlocal behav-
ior is obtained. Initially driven by the local action, the damage driving quantity at a material point in non-
damaged materials is later inﬂuenced by the nonlocal effect only if the occurrence of damage is effec-
tively found in the surroundings. Qualitative resemblance is hence expected in the prediction of damage
initiation by the non-regularized and regularized damage models. Numerical simulations with simple
tests and comparisons with existing nonlocal damage models show the qualitative improvement of
the mixed formulation in the prediction of damage initiation for 1D and 2D damaged structures.
 2010 Elsevier Ltd. All rights reserved.1. Introduction
When a softening damage behavior is modeled, nonlocal dam-
age approaches may be involved as a regularization technique to
maintain the well-posedness of the governing equation. In order
to introduce the nonlocal effect, a certain state variable is replaced
by its nonlocal counterpart, which is obtained by weighted averag-
ing over a spatial neighborhood of each point under consideration.
As a consequence of this nonlocal averaging, nonlocal quantities
differ quantitatively and qualitatively from their local counter-
parts. Although this difference allows to enforce a realistic and
mesh-independent size of regions of localized strains, it however
risks to deliver a non-physical prediction of damage initiation
especially in problems featuring strongly concave boundaries, con-
centrated loads and material inhomogeneities (Simone et al.,
2004). As an example for the case of a sharp crack under mode I
fracture, nonlocal damage regularization results in a maximum
damage driving quantity not located at the crack tip but shifted
away from it. Consequently, damage reaches its maximum inside
the specimen, away from the crack tip. Although the same failure
location has been also predicted by the nonlocal elasticity ap-
proach (Eringen et al., 1977), it is however considered as an incor-
rect initiation in the sense that it is not in agreement with the
rational prediction from the classical and fracture mechanics in
addition to intuitively experimental evidences. Due to an impor-
tant level of stress concentrations at the crack tip just before the
occurrence of any damage onset in the specimen, a bond rupture
normally initiates at this point of geometrical discontinuity. There-
fore, it is implicit in our interpretation of a correct damage initia-
tion that the non-regularized and regularized damage modelsll rights reserved.must share a qualitative resemblance at least in their prediction
of damage locations despite the potentially large inﬂuence of
near-ﬁeld interactions. Besides a misrepresentation of failure
modes, an incorrect prediction of damage onset may also have
some impacts on the transition from continuous to continuous–
discontinuous failure (Simone et al., 2003). Although the ﬁnal fail-
ure characterization may be less inﬂuenced by the incorrect pre-
diction of damage initiation, numerical simulations issued from a
nonlocal damage model with a correct prediction of damage onset
besides an appropriate simulation of the ﬁnal failure certainly have
a more physical reliability.
This work aims to present a mixed local and nonlocal formula-
tion. The latter enables an activation of the nonlocal damage effect
only in the presence of microcracks or damage. It leads to a more
realistic description of damage onsets, in which damage initiates
at the crack tip and therefore exhibits a qualitative resemblance
with the prediction from the local damage mechanics. The paper
is organized as follows. In Section 2, the mixed local and nonlocal
formulation is presented along with the traditional nonlocal one. A
localization analysis is also performed to theoretically investigate
the regularization feature of the mixed formulation. Although both
integral nonlocal formulations and its differential counterparts can
be considered as localization limiters, a particular attention is
however paid to the implicit gradient family (Peerlings et al.,
1996) for its effectiveness and robustness in the ﬁnite element
implementation. An implicit gradient formulation is thus pre-
sented in Section 3 together with some remarks on its ﬁnite ele-
ment implementation. The mixed nonlocal damage model is then
exploited to predict the damage initiation in Section 4 for 1D prob-
lems in the presence of geometrical or material discontinuities.
Moreover, a 2D example is also investigated in Section 5. Conclu-
sions are ﬁnally given in Section 6.
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2.1. Continuum local damage theories
According to the conventional damage mechanics, which con-
siders the integrity of materials via the damage variablex, the typ-
ical format of the stress–strain law takes the usual form of:
r ¼ ð1xÞCe; ð1Þ
where r is the stress vector, e the local strain vector and C the ma-
trix of elastic material stiffness. If the following damage evolution is
taken:
x ¼ xðjÞ; ð2Þ
together with the loading function h, which is expressed in terms of
an equivalent strain eeq:
hðe;jÞ ¼ eeqðeÞ  j;
hðe;jÞ 6 0 _jP 0 hðe;jÞ _j ¼ 0; ð3Þ
where j represents the highest value of the equivalent strain that
has ever reached during the entire loading story, a formulation of
damage driven by strains is already adopted. Experiments need to
be carried out to calibrate various damage evolutions for different
materials. The power law however appears the most popular, which
enables a real displacement discontinuity when x? 1:
xðjÞ ¼
0; j < ji;
1 jij
 b jfj
jfji
 a
; ji 6 j 6 jf ;
1; j > jf ;
8><
>: ð4Þ
where ji is the threshold for damage onset, jf represents the value
of j for which the damage reaches unity, and the model parameters
a, b inﬂuence the slope and the shape of the softening curve, respec-
tively. On the other hand, the exponential law, which also has two
parameters a, b:
xðjÞ ¼ 0; j < ji;
1 jij ½1 aþ aebðjjiÞ; otherwise
(
ð5Þ
is attractive form the simulation viewpoint, since the damage never
experiences its full state (x  1), and computations can be hence
performed in a continuous framework by considering as fully dam-
aged zones those parts of the body where damage is close to unity.
2.2. Nonlocal formulations
Ignoring the micro-structure interaction activities, the damage
variable x =x(eeq) driven by the local strain eeq is unlikely to give
an adequate characterization of the actual damage of materials,
and it also leads to a localization of damage in a vanishing volume
of ﬁnite element solutions. In order to restore the physical reliabil-
ity of the results and the objectivity of the numerical modeling, the
damage variablex needs to be driven by another strain, which fea-
tures a nonlocal effect and allows to incorporate the effect of het-
erogeneity of materials when length scales are comparable. A
popular strategy is to employ the so-called nonlocal strain eeq,
which is derived from a volume average operation (Pijaudier-Cabot
and Bazant, 1987):
eeqðxÞ ¼ 1VrðxÞ
Z
V
wðx sÞeeqðsÞds; ð6Þ
where V is the volume of the structure, VrðxÞ ¼
R
V wðx sÞds is the
representative volume at position x, and w(x  s) is the nonlocal
weight function. The latter vanishes everywhere outside a domain
of diameter roughly equal to an internal length l, where all possible
microcracks are randomly distributed. With the introduction of thenonlocal strain eeqðxÞ, the damagex ¼ x½eeqðxÞ depends not only on
its local state eeq(x) at material point x but also on the state eeq(s) of
the surrounding point s. In this manner, the damage x represents
both the geometrical and the mechanical aspects of microcracks;
i.e. the area fraction occupied by microcracks and the microcrack
opening. As a consistency feature of the deﬁnition of nonlocal strain
(6), the traditional local behavior is totally reproduced ðeeqðxÞ ! eeqðxÞÞ
when the nonlocal effect is ignored due to a sufﬁciently small
internal length (l? 0).
2.3. Mixed local and nonlocal formulations
If the nonlocal damage effect ﬁnds its origin in the interaction
between microcracks (Bazant, 1994), the inﬂuence contributed
from a certain material point to the surroundings is not physically
justiﬁed simply by its strain state, unless at this point exist micro-
cracks, which are essential for microcrack interactions. To be more
precise, a material point where damage is equal zero does not
inﬂuence its neighbor where damage is non-zero (Pijaudier-Cabot
et al., 2004). It turns out that the inﬂuence caused by a source
point, which is located in the neighborhood of target points at
which a nonlocal average is computed, also depends on its own
damage state besides its local strain. Therefore, the averaging oper-
ation (6), which is merely based on the value of local strains, can be
only applied when microcracks are already initiated, or the pres-
ence of initial microcracks in the surroundings must be implicitly
assumed (x(s)– 0). In the case of elastic materials initially ex-
empted from any damage, such an assumption is obviously not
appropriate, and the nonlocal damage model with the driving dam-
age strain deﬁned by (6) is theoretically unable to deliver an ade-
quate description on the damage onset stage of those materials.
Toward a more realistic description of nonlocal inﬂuence, the
volume averaging needs to be carried out on the so-called dam-
age-inﬂuenced strain eeqx(s) =x(s)eeq(s) and not only on the local
strain eeq(s). Accordingly, the following nonlocal strain eeqxðxÞ
needs to be considered:
eeqxðxÞ ¼ 1VrðxÞ
Z
V
wðx sÞxðsÞeeqðsÞds: ð7Þ
As a distinguished feature in comparison with the nonlocal formu-
lation (6), the presence of the damage state x(s) allows to activate
(x(s) > 0) or deactivate (x(s) = 0) the nonlocal inﬂuence of source
point s depending on its own damage state. In order to preserve
the consistency of the nonlocal damage model in case the internal
length is sufﬁciently small (l? 0), it is assumed that the damage
x at point x is governed by a damage driving equivalent strain
e^eqðxÞ. The latter results from an additional combination of the
explicitly separated local and nonlocal actions:
e^eqðxÞ ¼ eeqðxÞ þ eeqxðxÞ  eeqxðxÞ
 
: ð8Þ
Indeed, this deﬁnition of damage driving equivalent strain enables a
consistent reproduction of the purely local effect e^eqðxÞ ! eeqðxÞ in
the case of vanishing internal length (l? 0). Besides this consis-
tency, the physical constraint on the presence of microcracks with
the occurrence of the nonlocal effect is also reinforced, since the lo-
cal behavior is reproduced ðe^eqðxÞ  eeqðxÞÞ in the absence of all
damage source (x (s)  0) in the representative volume Vr around
the target point x. Otherwise, the damage growth at point x is inﬂu-
enced by the nonlocal action caused by source point s besides the
local action at point x itself. Since the nonlocal effect is effectively
active only in the presence of damage (x(s) > 0), the damage onset
in a non-damaged material must be initially activated solely by the
local action. A qualitative resemblance is theoretically expected in
the prediction of damage initiation between the non-regularized
and the regularized damage continuum. As a ﬁnal remark, the
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following form:
e^eqðxÞ ¼ ½1xðxÞeeqðxÞ þ eeqxðxÞ; ð9Þ
which formally presents the so-called mixed local and nonlocal for-
mulation (Luzio and Bazant, 2005).
2.4. Localization analysis of mixed formulations
In the case of local damage models under strong softening, the
governing differential equations may lose the ellipticity and the
boundary value problem becomes ill-posed when the material tan-
gent stiffness matrix ceases to be positive deﬁnite (Jirasek, 1998).
The nonlocal effect enables to restore the well-posedness feature
of the problem. This can be checked through a wave propagation
analysis of regularized materials (Pijaudier-Cabot and Benallal,
1993), and an imaginary wave speed hints the occurrence of ill-
posedness. This strategy of bifurcation analysis has been exploited
to investigate the regularization properties of nonlocal models
with two internal lengths (Comi, 2001). For mixed local and non-
local formulations, such a localization analysis is also applicable
(Luzio and Bazant, 2005). Indeed, consider the one-dimensional
constitutive relation between the stress r and the strain e together
with the loading function f:
r ¼ ð1xÞEe f ðe^;xÞ ¼
Z e^
0
FðzÞdzx; ð10Þ
where E is the Young’s modulus, x is the damage variable, function
F deﬁnes the damage evolution, and e^ is the damage driving strain:
e^ðxÞ ¼ ½1xðxÞeðxÞ þ 1
Vr
Z
V
wðx sÞxðsÞeðsÞds: ð11Þ
For the sake of an analytical analysis, the weight function w (x  s)
is supposed to take the form of the Gauss error function:
Wðx sÞ ¼ exp p js xj
2
l2
 !
; ð12Þ
where l is the internal length. With this setting, the representative
volume takes the value of VrðxÞ ¼
R
V wðx sÞds ¼ l. In the case of
associated damage, the damage evolution is controlled by:
_xP 0 f 6 0 _xf ¼ 0: ð13Þ
The loading consistency condition requires:
_f ðe^;xÞ ¼ Fðe^Þ _^e _x ¼ 0: ð14Þ
Consider a harmonic wave of frequency X and wave number k
propagating through a very long bar at a velocity and a damage rate
that are the real parts of:
_uðx; tÞ ¼ _u0eiðkxXtÞ;
_xðx; tÞ ¼ _x0eiðkxXtÞ;
ð15Þ
where i denotes the imaginary unit. Suppose that the bar features
an initial state of uniform strain ﬁeld ðe^ðxÞ ¼ eðxÞ ¼ e0 ¼ constÞ
and thus uniform damage (x(x) =x0 = const). The rate form of the
constitutive Eq. (10) for the one-dimensional case is read as (x > 0):
_r ¼ ð1x0ÞE _e _xEe0: ð16Þ
Meanwhile, the equation of motion linearized around the initial
strained homogeneous state takes the form of:
@ _r
@x
¼ q @
2 _u
@t2
; ð17Þ
where q is the mass density of the material. Substitute (15) into
(17), the equation of motion becomes:qX2  ð1x0ÞEk2
h i
_u0  iEe0k _x0 ¼ 0: ð18Þ
Moreover, the load consistency condition (14) becomes:
iF 1x0 þ AðkÞl x0
 	
k _u0  1þ Fe0 1 AðkÞl

  	
_x0 ¼ 0; ð19Þ
where AðkÞ ¼ RV wðzÞeikzdz. The system of Eqs. (18) and (19) admits a
non-zero (non-trivial) solution if the determinant of the coefﬁcient
matrix vanishes; i.e. when the wave frequency takes the following
value:
X2 ¼ k2 E
q
1x0 
Fe0 1x0 þ AðkÞl x0
 
1þ Fe0 1 AðkÞl
 
2
4
3
5: ð20Þ
Using the Fourier transform AðkÞ ¼ lek2 l2=4p, the critical wave num-
ber kcr that makes the wave frequency vanish (X = 0) can be deter-
mined. Accordingly, the corresponding critical wavelength is:
kcr ¼ 2pkcr ¼ l
ﬃﬃﬃ
p
p
ln
Fe0
1x0

 0:5
: ð21Þ
This critical wavelength deﬁnes the width of the localization zone.
It is a positive, decreasing function of damage and tends to zero only
as damage tends to one. Obviously, the ill-posedness of the bound-
ary value problem arising when using local damage models is
avoided, since the mixed local and nonlocal formulation enables a
real value of the critical wavelength over the entire range of damage
evolution (0 <x0 < 1).
3. Gradient-enhanced damage model
A scalar mixture of equivalent strains eeq(x) and eeqxðxÞ as sup-
posed in (9) just needs a single variable for the computation of
nonlocal contributions and is hence attractive for the computa-
tional efﬁciency. In case a direct mixture on each component of
the local and nonlocal strain vectors is however preferred, a vector
combination needs to be performed at the expense of more vari-
ables. Following this strategy, a damage driving strain vector e^ is
ﬁrst computed by:
e^ ¼ ð1xÞeþ ex; ð22Þ
where
exðxÞ ¼ 1VrðxÞ
Z
V
wðx sÞxðsÞeðsÞds: ð23Þ
The equivalent strain eeq is then derived from a non-linear combina-
tion of different components of the damage driving strain e^; i.e.
eeq ¼ eeqðe^Þ. Since the damage variable x ¼ xðe^Þ is also expressed
in terms of the damage driving strain e^, the latter must be obtained
through a resolution of the non-linear Eq. (22) once the local strain e
is given and the nonlocal strain ex is deﬁned. Except the case where
the damage evolutionx ¼ xðe^Þ has a simple form, a Newton–Raph-
son procedure is generally involved to simultaneously determine
the damage driving strain e^ and the corresponding value of damage
xðe^Þ.
Following the well-known procedure in the development of the
enhanced-gradient damage model (Peerlings et al., 1996), the inte-
gral formulation (23) can be directly transferred to an implicit gra-
dient one for the sake of a more convenient ﬁnite element
implementation. Concretely, the component exj of the nonlocal
damage-inﬂuenced strain vector ex can be derived from the fol-
lowing differential equation:
exj  cr2exj ¼ exj; ð24Þ
where c is a gradient parameter, which relates to the internal length
of the integral nonlocal damage mode. Assumptions are implicitly
2428 Q.V. Bui / International Journal of Solids and Structures 47 (2010) 2425–2435made on the smoothness of the damage-inﬂuenced strain ex(s) =
x(s)e(s) so that the development of the Taylor series can be
performed. The differential Eq. (24) can be solved with the help of
a ﬁnite element discretisation in a straightforward manner
(Appendix).
4. Damage initiation in 1D problems
Consider a clamped bar of length L = 100 mm and cross-section
area A = 10 mm2 under a tensile loading through an imposed dis-
placement at the free end. Having a Young’s modulus of
E = 20,000 MPa, the material is susceptible to damage by the power
damage law (4) with the strain limit of ji = 104 at the damage ini-
tiation, jf = 0.0125 in the fully damaged state, and the model
parameters a = b = 1. Simulations are launched with the gradient
parameter c = 1 mm2 and a rather ﬁne mesh of 200 two-node ele-
ments. In order to trigger the localization of strains, a geometrical
imperfection in the form of a cross-section reduction of 10% as pre-
viously adopted by Peerlings et al. (1996) is deliberately intro-
duced in a defect zone of length Ld = 10 mm at the middle of the
bar. Even within the elastic regime (x(s) = 0), the nonlocal formu-
lation (6) already predicts a non-uniform distribution of damage
driving strains ðe^eqðxÞ  eeqðxÞÞ with a clear peak located right atFig. 2. Damage initiation at the middle of
Fig. 1. Distribution of damage drthe bar center (Fig. 1), where a further loading leads to the initia-
tion of the very ﬁrst damage (Fig. 2) together with a continuously
increasing size of the damage zone (Fig. 3). In contrast, the mixed
local and nonlocal damage formulation predicts, as theoretically
designed, a local behavior ðe^ðxÞ  eðxÞÞ with a constant piecewise
distribution of strains prior to damage (Fig. 1). Subsequently, a
damage initiation is then observed to simultaneously occur on
the whole defect zone Ld (Fig. 2) and not only in a small portion
at the bar center, although more important damage is actually
found at the bar center. Such a prediction of damage over the de-
fect zone appears to be more realistic since no particular imperfec-
tion is additionally introduced and each section in the defect zone
is equally critical prior to the occurrence of any damage. Finally,
the size of the damage zone at the early stage of loading is mostly
dictated by the size of the defect zone of minimum strength
(Fig. 4). As another remark through the development of damage
driving strains described by the traditional nonlocal formulation,
a smooth evolution between the defect zone and its surroundings
is observed (Fig. 5), and it hints a signiﬁcant nonlocal damage ef-
fect right from the beginning of the loading process when the
material still remains elastic. In contrast, the mixed local-nonlocal
gradient model detects a distinct jump of strains (Fig. 6), which
separates the defect zone from its surroundings. Such a behaviorthe bar versus over the defect zone.
iving strain at onset instant.
Fig. 3. Damage development by traditional nonlocal formulation.
Fig. 4. Damage development by mixed local and nonlocal formulation.
Fig. 5. Evolution of damage driving strain by traditional nonlocal formulation.
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zones can be later achieved once the nonlocal effect is sufﬁciently
developed by the damage in the defect zone. Nonlocal effect thenstarts to inﬂuence the damage development outside the defect
zone. At this stage when damage is fully expanded over the defect
zone, the prediction of further damage developments between the
Fig. 6. Evolution of damage driving strain by mixed local and nonlocal formulation.
Fig. 7. Axial force-displacement responses.
Fig. 8. Shift of maximum damage driving strain from critical section (at x = 55 mm).
2430 Q.V. Bui / International Journal of Solids and Structures 47 (2010) 2425–2435two formulations however becomes less different. Indeed, the
mixed formulation (7) theoretically reduces to the traditional non-
local one (6) in the limit of x(s)? 1; i.e. when the damage is al-ready well-established in the surroundings. The analysis of
damage onset and growth at the local level allows to explain
the trend of the global force-displacement responses. Indeed,
Fig. 10. Tensile notched specimen (thickness = 1).
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traditional formulation delivers a force-displacement response,
which still presents a linear behavior due to the presence of dam-
age onset only on a small portion of the defect length. In contrast,
the mixed formulation describes a more visible change of structure
stiffness, since the material is damaged on the whole defect zone
(Fig. 7). Toward a more important level of damage where the driv-
ing damage strains of both the formulations are similar, the global
responses however remain comparable. It appears that the incor-
rect prediction of damage initiation from the nonlocal damage for-
mulation is ‘‘harmless” as far as the ﬁnal failure characterization is
concerned (Simone et al., 2004).
Besides the geometrical discontinuity, incorrect predictions of
damage initiation by the traditional nonlocal formulation (6) also
risk to occur in the presence of a discontinuity in the material
rigidity. Indeed, let us re-consider the above test conﬁguration
with a ﬁnite element discretisation of 200 linear elements. The
same power damage evolution law is also employed, whereas a va-
lue of c = 5 mm2 is adopted for the gradient parameter. Having a
value of A = 1 mm2, the cross-section of the bar remains constant
over the whole bar length, whereas a moderate reduction of 10%
of the Young’s modulus from its nominal value E = 20,000 MPa is
deliberately introduced in a defect zone of length Ld = 10 mm at
the middle of the specimen. In the aim to alter the symmetry of
the problem, instead of a uniform reduction over the defect zone
Ld as previously adopted by Rodriguez-Ferran et al. (2005), a linear
decrease of material stiffness over the 20 ﬁnite elements employed
to discretize the defect zone Ld is considered. Concretely, starting
with the original value of E = 20,000 MPa at the ﬁrst element in
the defective zone located at position x = 45 mm, the Young’s mod-
ulus, which still remains constant within an element, linearly re-
duces from one element to other. It ﬁnally takes the value of
E = 18,000 MPa at the last element at position x = 55 mm, where
a more important elongation and hence the damage onset are ex-
pected to occur due to its weakest stiffness. Being already activated
in the elastic regime, the nonlocal effect of the traditional formula-
tion however shifts the maximum of the damage driving strain
away from the location x = 55 mm of the weakest section (Fig. 8).
Such a shift has been also observed in a sharp crack under mode
I fracture with strain singularity (Simone et al., 2004), although
no strong inhomogeneity of strains actually exists in this present
example. In contrast, the mixed formulation, which still preserves
a local behavior prior to damage, correctly predicts the location of
damage onset as physically anticipated (Fig. 9). A gradual shift of
the maximum of the damage driving strain, which is due to the
softening of material elements surrounding the weakest sectionFig. 9. Maximum damage driving strain at crand the nonlocal interaction, only occurs right after the onset in-
stant. Indeed, the very ﬁrst strain proﬁle at the damage onset
clearly exhibits a piecewise distribution, which is originated from
the inter-element discontinuity of the local strain in the resolution
by the ﬁnite element method. Smoother proﬁles are gradually ob-
served with further damage development and it marks the impor-
tant contribution of the nonlocal strains. A continuous transition
from the local to the nonlocal behavior is thus assured.
5. Damage initiation in 2D problems
Consider a tensile specimen of size 60  70 mm clamped at the
bottom and subjected to a uniformdisplacement at the top (Fig. 10).
In the aim to initiate strain localization, a geometrical defect is
deliberately introduced right at the middle of the specimen in the
form of a notch of length Ld = 4 mm. The material has the Young’s
modulus of E = 32,900 MPa, and Poisson’s ratio m = 0.2. The damage
law belongs to the exponential type (5) with ji = 104,a = 0.96 and
b = 350 (Benvenuti et al., 2004). Being a function of different strain
components, the equivalent strain is deﬁned as:
eeqðeÞ ¼ r  12rð1 2mÞ I1ðeÞ þ
1
2r
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
ðr  1Þ2
ð1 2mÞ2
I21ðeÞ þ
2r
ð1þ mÞ2
J2ðeÞ
s
;
ð25Þitical section (x = 55 mm) prior to a shift.
Fig. 11. Global force-displacement responses.
Fig. 12. Damage proﬁles at damage initiation (upper) and ﬁnal failure (lower) by nonlocal (left) versus mixed local and nonlocal formulation (right).
2432 Q.V. Bui / International Journal of Solids and Structures 47 (2010) 2425–2435where I1(e) = tr(e) and J2 (e) = 3tr(e2)  tr2(e) are invariants of strain
tensors. The parameter r governs the sensitivity in compression rel-
ative to that in tension, and a value of r = 1.55 is adopted in our
numerical simulations. Due to the symmetry, only a half of the
specimen is modeled, and a ﬁne mesh of 368 four-node quadrangle
elements with the assumption on a plane stress state is employed.
For the nonlocal effect, a value of c = 1 mm2 is imposed to the gra-
dient parameter.
The vertical reaction force at the ﬁxation is recorded to trace the
global force-displacement response. Although both the formula-tions deliver comparable results at the global level (Fig. 11), a clear
difference is however observed in the prediction of damage onset
locations. Indeed, the presence of the notch of length Ld inevitably
introduces a geometrical discontinuity and hence a signiﬁcant
stress concentration right at the regions, where there are abrupt
changes in geometry. Consequently, critical sites and hence very
ﬁrst damage occurrence are expectedly found at two tips of the
notch Ld, and it is correctly predicted by the mixed formulation
(Fig. 12). Once it is initiated, damage is gradually developed toward
the middle of the notch length, where the damage signiﬁcantly
Fig. 13. Damage initiation with unstructured mesh (left) and ﬁne structured mesh (right).
Fig. 14. Global force-displacement responses from different meshes.
Fig. 15. Damage initiation with initial damage in the whole specimen (left) and at limited zones around the notch tips (right).
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numerically found to locate at the middle of the notch length. On
the contrary, the nonlocal damage formulation predicts the occur-
rence of damage onset at the middle of the notch, and damage sub-sequently spreads toward the notch tips. Damage proﬁles close to
failure however give no indication of the different damage initia-
tions. Although the incorrect prediction does not alter the charac-
terization of ﬁnal failures, a correct prediction of damage onset,
2434 Q.V. Bui / International Journal of Solids and Structures 47 (2010) 2425–2435which allows a qualitative agreement with existing mechanics the-
ories and experiments, enhances the physical reliability of the non-
local approach. In this regard, the mixed local and nonlocal
formulation enables an improvement on the quality of the simula-
tion. Instead of a structured mesh, if an unstructured mesh of 363
four-node quadrangle elements is employed, the same location of
damage initiations is predicted (Fig. 13). Moreover, the simulation
appears to be independent from the mesh size, since the use of a
ﬁner mesh of 592 elements also leads to a comparable force-dis-
placement response (Fig. 14).
The difference between the predictions of damage initiations is-
sued from the nonlocal and the mixed local and nonlocal damage
formulations can be roughly explained through a simple analytical
consideration of near-tip strains around a sharp crack in mode I.
Established in the Cartesian coordinate system, the local equiva-
lent strain in the von Mises sense at a distance r and an angle h
from the crack tip in the elastic regime and under the assumption
of a plane stress state is given by the following relation:
eeqðr; hÞ ¼ 11þ m
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
J2ðeÞ
p
¼
ﬃﬃﬃ
2
p
KI
4E
ﬃﬃﬃﬃﬃﬃ
pr
p
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
ð1þ cos hÞð5 3 cos hÞ
p
; ð26Þ
where KI is the mode I stress intensity factor. This strain distribution
presents a maximum at the crack tip (r? 0), where the damage is
intuitively expected to ﬁrst initiate. In the absence of any damage
prior to the damage onset instant, the mixed local and nonlocal
damage formulation (9) faithfully presents a local behavior
ðe^eq  eeqÞ, and a damage initiation at the crack tip is predicted. In
contrast, due to a nonlocal averaging already activated well before
the damage onset, the nonlocal damage formulation (6) predicts a
maximum strain ahead the crack tip (Simone et al., 2004) and the
damage initiation does not occur at the point of geometrical discon-
tinuity. Apparently, it is the nonlocal averaging that alters the fail-
ure characterization, whereas the presence of the local strain term
besides the averaging operation in the mixed local and nonlocal for-
mulation restores the local feature of the failure. Indeed, consider
the particular case, in which the material initially presents a uni-
form damage x0. The nonlocal averaging is thus activated at the
beginning of the loading process, and the damage driving strain
takes the following value prior to any new damage initiation:
e^eqðr; hÞ ¼ ð1x0Þeeqðr; hÞ þx0eeqðr; hÞ: ð27Þ
Although the nonlocal strain eeqðr; hÞ is known to reach a maximum
ahead the crack tip, the damage driving strain e^eqðr; hÞ is strongly
inﬂuenced by the local strain eeq(r,h), which presents, at the crack
tip, a signiﬁcantly more important value than the maximum of
the nonlocal strain. As a net effect, a new damage initiation always
occurs at the crack tip despite the presence of the nonlocal effect. A
numerical simulation of the notched panel with an initial uniform
damage (x0 = 0.1) over the entire panel conﬁrms this theoretical
argument (Fig. 15). In case damage initially presents only at a small
zone around the notch tips, the new damage initiation no longer oc-
curs at the notch tips. Such a damage onset is however correct, since
the presence of initial damage strongly reduces the stress concen-
tration at the notch tips, from which the stress peak is already
shifted away prior to the occurrence of damage onset. Again, the
participation of local strains in the damage driving strain enables
the mixed local and nonlocal formulation to preserve the local fea-
ture of failure characterizations.
6. Concluding remarks
Originated from microcrack interactions, the nonlocal damage
effect is activated only in the presence of damage. Damage initia-
tion in a non-damaged material hence must take place under local
actions at the beginning, whereas the nonlocal inﬂuence only has asigniﬁcant effect afterward. Allowing a transition from local to
nonlocal behavior, the mixed local and nonlocal formulation en-
ables an activation of the nonlocal effect at a material point
depending on the damage state of the surrounding points. It allows
a more rational description of damage initiation, while a reason-
able characterization of the ﬁnal failure is still attained. The phys-
ical reliability of nonlocal solutions is hence improved.
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Appendix
Finite element implementation of gradient mixed local and nonlocal
damage model
For the ﬁnite element analysis, it is sufﬁcient to discretize the
displacement u and the nonlocal strain ex through the nodal com-
ponents U and Ewith the use of the interpolation functions Nu, and
Ne:
u ¼ NuU ex ¼ NeE: ðA-1Þ
Accordingly, the local strain e and the component j of the gradient
of the nonlocal strain rexj can be consistently approximated by
the shape function derivatives Bu, and Be:
e ¼ BuU rexj ¼ ðBeEÞj: ðA-2Þ
As a remark, the local strain e being derived from the displacement
u is normally discontinuous across elements, whereas the nonlocal
strain ex, which is directly interpolated, features an inter-element
continuity. Consequently, the evolution of damage driving strains
e^ and the damagex ¼ xðe^Þ exhibit a transition from a discontinuity
to a continuity pattern with the increasing dominance of the non-
local effect.
Following the standard ﬁnite element formulation, and using
the common expressions for the internal and external nodal forces,
the following equilibrium system of equations is obtained:
f intu ¼ fextu ;
f inte ¼ fexte ;
(
ðA-3Þ
where the forces caused by the presence of the stress r = (1 x)Ce
in the solid body V under the action of a body force b and surface
force q can be computed by:
f intu ¼
Z
V
BTurdV f
ext
u ¼
Z
V
NTubdV þ
Z
C
NTuqdC; ðA-4Þ
while the forces originated from the introduction of the nonlocal ef-
fect are given by:
f inte ¼
Z
V
NTeNe þ BTe cBTe
 
EdV fexte ¼
Z
V
NTe edV : ðA-5Þ
Due to its non-linearity, a Newton–Raphson iterative procedure
needs to be involved to solve for the unknowns U and E. The incre-
ments dU and dE of displacement u and nonlocal strain ex at the
iteration i can be obtained through the following system of equa-
tions resulted from the linearization of (A-3)
Ki1uu K
i1
ue
Ki1eu K
i1
ee
" #
dU
dE
 
¼ f
ext
u
fext;i1e
( )
 f
int;i1
u
f int;i1e
( )
; ðA-6Þ
where the tangent stiffness matrices are calculated from the follow-
ing expressions:
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
i1
  R
V B
T
uCBudV ;
Ki1ue ¼ b
R
V B
T
uCei1
dx
de^

i1
 T
NedV ;
Ki1ee ¼
R
V 1 beTi1dfde^

i1
 
NTeNe þ BTe cBTe
h i
dV ;
Ki1eu ¼  fi1 þ aeTi1dfde^

i1
  R
V N
T
eBudV ;
ðA-7Þ
in which the coefﬁcients a and b are given by:
a ¼ 1 fi1
1þ eTi1dxde^

i1
b ¼ 1
1þ eTi1dxde^

i1
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